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ABSTRACT

In this article, we present an application of the coarse-mesh Deterministic Spectral Method (SDM) to generate
multigroup angular fluxes in one-dimensional spatial domains using the neutron transport stationary equation,
in the formulation of discrete ordinates (Sy), considering isotropic scattering source. After obtaining the analyti-
cal solution of the Sy equations, we replace the integral term of the scattering source in the original neutron
transport equation. Thus, we obtain analytically two expressions for angular fluxes in the multigroup formula-

tion, considering the neutron propagation in the positive (1t > 0) and negative (1 < 0) directions, presenting a

meaningful reduction in the computational time of simulations of typical neutron shielding problems.
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1. INTRODUCTION

The neutron transport analysis has the physical model based on the migration of these particles
inside a material media and on the probability of their interaction with the nuclei of the atoms of the
media. The properties of the materials where the neutrons migrate are characterized phenomenolog-
ically in terms of the cross sections determined theoretically or experimentally [1,2]. The physical
phenomenon of transport of neutral particles in a material medium is of interest in various scientific
applications, e.g., nuclear reactors, shielding calculations, radiation protection, nuclear medicine
etc. In all, there is a need for an accurate description of the phenomenon of particles transport into
material media.

The computational modeling is presented as a tool capable of collaborating to solve the prob-
lems that fall into systems of integral equations, partial differential equations or ordinary differential
equations of high number of unknowns, making use of numerical methods and construction of
models from of simplifying hypotheses to obtain response. The consideration of an approximation
of the transport equation dependent on the energy variable is necessary for more realistic calcula-
tions of the neutron transport. The multigroup approach, the most common method for discretiza-
tion of the energy variable, consists in dividing the energy interval into contiguous energy groups
[1-3].

The fixed-source problems, also known as shielding calculations (deep penetration problems),
mainly involve the transport of particles through coarse "shields"” that can cause significant absorp-
tion or scattering of neutrons, resulting in changes in the energy and direction of these particles at
energy intervals and/or localized spatial regions can be extremely small and consequently a large
number of experiments (histories) and computational times are required (compared to deterministic
methods) to achieve statistically reliable results if the Monte probability method is used [4,5].
Thus, in this paper we use the deterministic method of discrete ordinates (Sy), proposed by Wick
[6] and Chandrasekhar [7], a classic method that continues to be used to solve transport equation in
several applications. It has its basis in the discretization of the independent angular variable being

the integral of the source term approximated by a numerical quadrature, thus transforming the
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transport equation into a system of differential equations that can be solved by numerical or analyti-
cal approaches [3].

A deterministic approach to neutron shielding problems (source-fixed) has reached great inter-
est in recent years. We can cite as an example the MOC [8,9], cf., Method of Characteristics, the
traditional polynomial methods [10-11] and spectral nodal methods, e.g., the SGF method [12-13],
cf. spectral Green’s function, the RM method [14], cf., Response Matrix and SDM [15-17], cf.,
Spectral Deterministic Method, that significantly reduce the execution times of the computational
codes used in these models, presenting good accuracy in numerical results.

The spectral nodal methods, a methodology introduced less than 30 years ago [12-13] are alge-
braic and computationally more laborious than traditional deterministic fine-mesh numerical meth-
ods, e.g., the DD, cf., Diamond Difference [3], but present more precision in the solutions numeri-
cal values for relatively fine spatial nodes; for this reason, these numerical methods and their possi-
ble algorithms for iterative and direct solution schemes have been the object of studies in recent
years.

The objective of the work is based on the linearized Boltzmann equation, to consider the mul-
tigroup Sy equations in a one-dimensional domain with isotropic scattering and to create a mathe-
matic tool capable of analytically solving the original multigroup neutron transport equations to
obtain values for the angular fluxes in any direction, position x and in g energy group. This aim is
achieved through an angular reconstruction of the neutron transport equations in the multigroup
formulation considering the approximation of angular moments of the scattering source, which is
expanded in Legendre polynomials in the angular variable, in the multigroup transport equations, by
the angular moments (scalar flux), obtained from the numerical solution of the equations Sy. Thus,
the proposal is to solve analytically the neutron transport multigroup equations to obtain values for
the angular fluxes in any direction, position x and in any energy group used in the model.

The methodology presented in this work is an extension of that developed in the research
[18-20] and can be described in simplified form as follows.

The spectral nodal method SDM [15-17] generates the angular fluxes at the interfaces of a one-
dimensional domain, using Gauss-Legendre quadrature set, in discrete ordinates (Sn) multigroup
formulation, in the neutron transport theory. Once the coarse-mesh solution was obtained with the

SDM method, we first determined the arbitrary constants of the analytical general solution of the Sy
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equations, treating the term of isotropic scattering source accurately (without approximations) with-
in each spatial node. We then use the angular quadrature formula to estimate the neutron scalar flux.
We solve the one-dimensional multigroup transport equation analytically, with the term of the scat-
tering source thus approximated. As the SDM method generates solutions completely free from
spatial truncation error, this analytic reconstruction within in node is quite accurate.

Aim to obtain the numerical results available in this work, a computational application was de-
veloped (portuguese language) in the MatLab, which streamlined the preparation and execution of
the model case presented.

This paper is organizated in form. In section 2 we describe the mathematical preliminaries
about SDM method and presented the angular reconstruction expressions to neutron angular flux in
multigroup equations for positive and negative directions. In section 3, numerical results to one
model-problem is presented and Section 4 we explained the conclusion and presented the ideas to

future papers.

2. MATHEMATIC PRELIMINARIES

Let us consider the stationary multigroup transport equations with isotropic scattering in dis-

crete ordinates formulation described in arbitrary node I'j in spatial grid I" one-dimentional spatial

domain D with width L (Figure 1).

Figure 1: Spatial Grid T".

Source: Authors
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d S g0 N 1)
Hm dx \Vmg(x)+Gngng(X) Z 2 Z(Dn\Vng (X)+ng,g 1 G m=1:N.
g'=1 n=1

In Eq.(1) xeI", G represents the number of energy groups and N is the order of the Gauss-
Legendre quadrature set [3] used for the solution of the Sy problem. The variable m represents dis-

crete direction of neutron propagation. The parameter o describes the total macroscopic cross

section of the g-th group; which includes all possible interactions and cg;;g is the zero'th compo-

nents of the macroscopic differential scattering cross section from group g' to group g, respectively
and Q is the isotropic external source-fixed in the energy group g. The dependent variable

Wng(X) represents the angular flux of particles traveling in the discrete ordinates direction
for each group g and ®,, is the angular weight. The Eq. (1) has the prescribed boundary conditions
in form.

Vo (X) = Wm,g(xj—1/2):fm,g'ifum >0, (2)
9 o (Ki172) = Kingrif i <0, M=1:N,g =1: G

In Eq. (2) the values of f,, , and k., , are known (prescribed).

The general solution within in node of the Eq. (1) is expressed as
Vg )=yl () +yP , m=1:N,g=1:G. ©)

The superscript p denotes the particular solution with fixed-source and h indicates the homogeneous

component of the local general solution, which satisfies the system of Eq.(1). The particular solu-

tion ng , with isotropic fixed-source Q;, appears in system form [17].

R 4)
csng\Vm,g_Z 2 anwmg g

g'=1 n=;
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Now, to determine the homogeneous component w“m,g (x), we consider the expression [17]
Wi o (X)=an 4 (9)exp[—(X—X;4,,)/ 9,1, m=1:N,g=1:G , ®)

where X;_y,, represent left node-edge boundary I'; as shown on Figure 1. Substituting the Eq. (5)

in homogeneous part of the Eq. (1), we obtain the eigenvalue problem

S, o;° N 1 (6)
Orgamg (9 — D, D opa, g (8)==a,4(9),m=1:Ng=1:G.
g'=1 2 n=1 S
The Eq (6) can be written in the eigenvalue problem in operators form
1 (7)

Aa=—a.
9

Here, the A is a real matrix of the GN x GN order which generates the N eigenvalues 9, with ther
respective linearly independent eigenvectors a,, ,(3,) . So, the general analytical solution within in
node of Eq. (1), appears in form

NG (8)
Ym,g (x)= Zafam,g(‘gé)exp[_(x - Xj—l/z)/Sé] + \Vﬁ],g’m =1:N,g=1:G.
=1

2.1 Espectral Deterministic Method (SDM)

In a very brief way, the SDM method consists of determining the angular outgoing fluxes from
the initial estimates of the angular incoming fluxes at the nodes, using Eq. (8). Once the boundary
conditions are known, the domain is traversed, starting with the left side (x = 0), node to node, to

the right side of the domain (x = L). For each iteration, the following operations are performed:
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a) we solve the eigenvalues 8, problem described by Eq. (6), where eigenfunctions a  (8,) are

obtained with their respective eigenvalues;

b) the constants o, are calculated using Eq. (8), considering the angular fluxes incoming in node
I';. After calculating the o, constants we proceed to obtain the angular fluxes also using Eq. (8).

When all nodes of the space domain are crossed over a transport iteration is completed. The
angular fluxes at the boundaries of the nodes obtained in the iteration will then be used as initial
estimates for the next iteration. The process will be done, until the pre-established convergence cri-
terion is satisfied.

The stop criterion establishes that the maximum norm of the difference of the vector scalar
flux, considering two successive iterations, must be smaller than a pre-established value according

to expression

max|qlgk,j—1/z —‘I’gk,}}l/2| <6 g=1:G, 9
= ‘ Wy 12 ‘

where (¥, — g

g,}fl,z) represents the difference between scalar flux vector obtained in the pre-

vious iteration k-1 and the currently executed iteration k. The component for the neutron scalar

flux appears in the form

N (10)
0400 =3 Y00 (9.9 =1:6.
n=1

A complete description of the SDM method can be found in references [17-19].

2.2. Angular reconstruction of neutron angular flux in multigroup formulation

With the numerical solutions obtained through the SDM method, as we have seen in the previ-

ous section, we have already determined the constants o, of the local general solution we can de-
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termine the analytical solution at each arbitrary node I';, in the discrete directions of the chosen Sy

model. From this strategy, we can develop a methodology for obtaining the analytical solutions of
the original neutron transport equation. The essence of this process is to approximate the angular
moments of the scattering source, which is expanded in Legendre polynomials in the angular varia-
ble, in the transport equation, by the angular moments (angular flux) obtained from the numerical
solution of the Sy equations seen in Eq (8). With these approximations made in terms of scattering
source, the proposal is to solve analytically the multigroup neutron transport equations to obtain an

equation that provides values for the angular fluxes in any angular direction p, position x and any
group g of energy used in the model. To perform this procedure, we consider the original multigoup

neutron transport equation [3] in arbitrary node I'; (Figure 1).

G 5991 (12)

0 G3pj ' ’
g Yo LOm) +orgyg () = 37 2 [y (W) du’ + Qg
g= -1

x=0:L,g=1:G,ue[-10) u(0,+1].

Eg. (11), in spatial node I, has the prescribed boundary conditions in form

\Vg (Xj—llz’u) = bg (M), if n> 0’ (12)

Wy (x,m) = :
g {Wg(XjJrl/Z’“):Cg(H)!IfH<Oig:1:G-

In Eq. (12) the values of b, and ¢, are known (prescribed).

The integral term of Eq. (11), considering Eq. (8), can be written approximated as

+1 N N NG (13)
IWg’ (X! “) dH' = Z(’)n\Vn,g’ (X) = Z(Dn |:Zaean,g’ (Sé)exp[_(x - Xj—llz)/gé‘) + \Vﬁ,g’ '
-1 n=1

n=1 =1

Now, substituting the Eq. (13) in integral term of the Eq. (11), we obtain
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d
Ry (X, 1) + orgyy (X, 1) =

OX (14)
G go%g NG N

Z ‘ (ZZw oty 8y o (9,) exp[—(x x,lz)/91+zwnwng]+qm,g 1:G.

'=1 /=1n=1

Using the integral factor exp(c,X/p) and dividing the whole equation by p after some alge-

bra one arrives at the form

i {\Ijg (X, },L) eXp(GngX / H)]} =

OX

15)
G 929 NG N (it 079X X N (
Z o {szna/.an,g’(‘g/j)exp[ TS 210 g ph s explorgX /p) | +
R u3, 9, e~

Qg exp(orgX/u), g=1:G.

Now, from Eq. (15), we will determine analytical solution as follows. For the positive direc-

X
tions of the neutron propagation (u > 0), the Eq. (15) is integrated in the interval _[ () dx and after

X2

some algebra takes the form

Vo (X, 1) =Wg(Xjg/2, ) eXP(=07g(X —Xj_1/2) /1) +

2>

g GSOjg SS90, g (8)) exp—(x_xj—llz)_exp(—Gng(X—Xj—l/z)) N
9,

g'=1 Tina M+ OTgdy ¢ (16)
i O VWh g {1_ exp(— org(X - Xj_1/2))}]+ﬁ{1_ exp(— org(X - Xj—llz))}’
n=1 OTg u Ot n

g=1:G,x=0:L, pe[-10).
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For the negative propagation directions (u <0) the Eq. (15) is integrated in the interval

X2
I (.)dx and, after some algebra we obtain

X

Yo (X 1) = g (Xjig 2, 1) €XP (—Org(X = Xjiqy2) /1) +

i Ggo?g [NZG:ZN: gémnaéan,g’(gé)I_exp —(X—=Xj_1/2) 3 exp(—m - Org(X— Xj+1/2))i| N (17)
g'=1 A R GngSz L 9, 3, U

ZN: OWp g {1_ exp(_ org(X - Xj+1/2))}]+ Qq {1_ exp— org(X - Xj+1/2)}

n=l OTg [ Otgi [

g=1:G,x=0:L, ne (0,+1]

In conclusion, Equations (16) and (17) represent the angular reconstruction of the angular flow

in the positive and negative directions.

3. NUMERICAL RESULTS AND DISCUSSION

In order to demonstrate the validity of the methodology developed in this paper were used one
characteristic model-problem. The main objectives, with the use of model-problem, were to com-
pare the results obtained by the SDM method against results obtained to angular reconstruction see
in Eq. (16) and Eq. (17). We obtain the results for the angular flux reconstruction using a low quad-
rature order, reconstruct directions for the propagation of higher order quadrature, taking into ac-

count the Percentage Relative Deviation (PRD) less than 1%, calculated with expression

(18)

PRD:‘M %100,

SDM
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where Vgpym represents the value obtained by SDM method and Vgec the value obtained for angular

reconstruction, using the Eq. (16), for (u>0) or Eq.(17), for (u<0).

3.1. Model-problem

The model-problem [21] is a homogenous domain with length of 10 cm, with G = 19 groups
and isotropic fixed-source Q = 0 for all groups. It is a 10 cm (one region) iron plate with boundary
conditions prescribe to isotropic angular fluxes incoming equal a unit (x= 0) in the first (g = 1) of
the nineteen (G = 19) energy groups in range of 50 keV to 1 MeV and vacuum boundary condition
in x =10 cm. The material parameters is presented in reference [21].

The Table 1 presented the results obtained by the SDM for the scalar neutron flux for some en-
ergy groups chosen arbitrarily, compared to those shown in the reference [22], which used the

coarse-mesh spectral method SGF. For the solution of the problem we use Gauss-Legendre quadra-

ture order N = 4, with ¢ =107° and one node per region. We emphasize here that the use of the SGF

method was to validate the SDM method, implemented in the computational application.

Table 1: Scalar fluxes (cm™s™).

Group SGF? SDM

(9) 0cm 10 cm Ocm 10 cm

1 5.079466e-01°  7.400293e-04  5.079466e-01  7.400293e-04
4 1.205968e-02  1.184823e-04 1.205968e-02  1.184823e-04
7 0.329249e-03  1.001940e-04  9.329249e-03  1.001940e-04
10 1.364114e-02  1.487979e-04  1.364114e-02  1.487979e-04
12 2.375113e-02  2.418206e-04 2.375113e-02 2.418206e-04
15 5.814921e-03  8.959714e-05 5.814921e-03  8.959714e-05
17 4.101255e-04  6.735422e-06 4.101255e-04  6.735422e-06
19 4.048850e-06  6.705707e-08  4.048850e-06 6.705707e-08

* Numerical results generated from SIMFAT [21].

b Read as 5.079466 x 10
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The numerical results obtained for the scalar fluxes using the SDM are the same as those found
in the reference [22] using the SGF. The SDM method, like the SGF, generates solutions free from
spatial truncation errors in the interfaces of the domain, independently of the number of nodes used
by region.

We present in Table 2 the numerical results to the angular reconstruction of the neutron angular
fluxes in x = 5 cm (half the domain), using the order of the quadrature N =6 (Sg), to calculate the

o, coefficients of Eq. (16), positive (u>0) and Eq. (17), negative (p < 0) directions of high order

quadrature set Sg Sis, Ss32, Sesa and Sipg. For the reconstruction of the directions in high quadrature
directions, the results were satisfactory, being below 1% deviation relative in relation of the results
the SDM method, which we consider acceptable for the experiment. The angular directions and
energy group values were chosen at random mode. In that same experiment, the angular recon-
struction technique was calculated using the quadratute order N = 4, but in some cases relative de-

viation RD was above the 1% stipulated as the maximum limit of the experiment presented.
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Table 2: Angular flux reconstruction (cm?s™) to x =5 cmand N = 6.
Relation  Position Angular Group  Angular  Angular  Angular PRD
(cm) Direction ©) Flux Flux Flux (%)
() Eq. (16) Eq. (17)
(Vsom) (Vrec) (VRrec)
pl =+ 0.1834346 5 0.0020786 0.0020814  ----- 0.13
S¢ > S 5 M3 =+ 0.7966665 11 0.0066193 0.0066171  ----- 0.08
u6 = - 0.5255324 15 0.0026083 ----- 0.0026109 0.10
M8 = - 0.9602899 19 0.0000051 ----- 0.0000051 0.00
p4 =+ 0.6178762 17 0.0003700 0,0003707 ----- 0.19
S¢ = Sis 5 M6 =+ 0.8656312 14 0.0050979 0,0051053  ----- 0.15
n10 = - 0.28160356 3 0.0010381 ----- 0.0010453  0.69
p13 = - 0.7554044 9 0.0014360 ----- 0.0014429 0.48
p4 =+ 0.3318686 4 0.0022828 0.0022872  ----- 0.19
S¢ = Sy, 5 M8 =+ 0.6630443 10 0.0047291 0.0047370 ----- 0.17
p25 =-0.7321821 14 0.0028237  ----- 0.0028337  0.35
p30= - 0.9647623 18 0.0000284 ----- 0.0000285 0.35
M8 =+ 0.3572202 16 0.0011752 0.0011781  ----- 0.25
S¢ = Sga 5 p27 =+ 0.9610088 3 0.0056533 0.0056651  ----- 0.21
P47 = - 0.6489655 2 0.0009284 ----- 0.0009354 0.75°
n61 = - 0.98333623 8 0.0010444 ----- 0.0010500  0.54
pM15 =+ 0.3471177 1 0.0023726 0.0023743 ----- 0.07
Ss — Suze ; p44 =+ 0.87405278 7 0.0036537 0.0036655  ----- 0.32
p81 = - 0.39254023 12 0.0044858 ----- 0.0045057 0.44
p108 = - 0.87405278 15 0.0024015  ----- 0.0024097 0.34

% Maximum Percentage Relative Deviation.
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In Table 3 we show in a simplified way the reduction of the execution time of the simulations
seen in Table 2. As can be seen, there was a considerable reduction in the execution time in the
angular reconstructions with considerable precision of the presented results. This fact generates a

future perspective for the simulation of more complex problems, considering multidimensional cas-

es, arbitrary degrees of anisotropy and multigroup in energy.

Table 3: Execution time (S).

Relation Execution Time Execution Time

Eq. (16) or Eq.(17)

(Vspom) (VRrec)
(s) (s)
Sg — Sy 2.04
S, 55, 8.09
0.35
Sg — S, 32.92
(VRec)
Sg — Ses 131.99
S > Sue 2270.98

In Figure 3, we show the main screen of the computational application (Simulator) developed
in the MatLab language. From this screen it is possible to access another screen’s necessary to ob-

tain the numerical results presented in Table 1, Table 2 and Table 3. More details on the operation

of this application can be found in the reference [23].
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Figure 2: Main Screen of Computational Simulator.

. g x|
RECONSTRUGAO ANGULAR DA EQ. DE TRANSPORTE SN VIA METODO MED MULTIGRUPO .\/\wm O i
[ ——
|
ESPECIFICAGOES DO DOMINIO CONDICOES DE CONTORNO:
Niimero de Regides: Niimero de Zonas Materiais: :—WO“:’ a ordem da quadratura 1
lesejada:
Mapeamento do Dominio: {Determinar a zona material para cada regiao do dominio}: : X=0 0
1 MNiimero de Grupos de Energia: X=L 0
| Mapeamento | 0
| ESPECIFICAGOES DAS REGIOES: IMPORTAGAO DE DADOS:
| Determinar o numero de nodos de discretizagao espacial "NNR", espessura “"HR" cm): Marque para importar dados FLUXOS ESCALARES RESULTANTES NAS INTERFACES (Neutrons/cm’s):
i [ 1 do arquivo DadosMaterisistt | | T 1 |
| | NNR 0 Fluxo Escalar Grupos 0
HR 0
| Determinar fonte externa "Qg,r" (neutronsicm’s) para cada grupo e regiao:
1
0 io:
i Gipos | EXECUCAO: FLUXO ANGULAR (diregdes discretas): Geragao de Arquivo de Saida:
ZERO  Segundos
Diregao desejada: N .
IERO Iteragdes Apertar o botao abaixo para
gerar arquivo .txt com os
| - I jado: dados referetes bles
ESPECIFICAGOES MATERIAIS DAS ZONAS: Snp0 e -eeaia dessiadc e e
| Determinar a segao de choque macroscopica total oTg em cm-'): Posigao no Domirio PSIimgyi o0
| 1 Unidimensional (Ponto):
| Grupos 0
| RECONSTRUCAO ANGULAR:
Grupo de Energia desejado:
Determinar a segao de choque macroscépica de espalhamento 0So g™>g (cm-): ZONA MATERIAL:  ZERO . Autor:
Posigao no Dominio e
1 ] = Unidimensional (cm): S
Anterior Proxima
Grupos 0 - :
Grupos 0 Diregao desejada: Orientadores:
Sl Armazenar Ricardo Barros
PSl g x,u): ZERO
Hermes Ahes
Limpar Zonas

Source: Authors

4. CONCLUSIONS

In this paper, we present a numerical technique capable of analytically modeling the original
neutron transport multigroup equations to obtain the values for the angular fluxes in angular direc-
tion p (positive and negative), position x and g energy group, considering models in one-
dimensional spatial domains, with the isotropic scattering macroscopic cross section. Using the
SDM coarse-mesh numerical solution, we first determine the arbitrary constants o, of the analyti-
cal general solution of the Sy equations within each spatial discretization node; then we obtain an
expression for the multigroup scalar flux that we substitute into the isotropic scattering source term
in the original neutron transport equations. We then solve analytically the slab-geometry multigroup

original transport equation in order to generate analytically two expressions to neutron angular flux-
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es in multigroup formulation, considering the neutron propagation in positive (1 > 0) and negative
(n<0) directions.

The angular reconstruction strategy, using Eg. (16) and (17), for model-problem, allowed us to
conclude that the results were satisfactory, reaching a relative deviation below 1%, a value consid-
ered acceptable by us in the simulation of this type of problem. The reduction of the CPU computa-
tional cost through angular reconstruction was significant when considering the problems with low

quadrature order in the calculation of the alpha ((o.,) parameters to estimate the angular fluxes in

directions present in quadratures with higher orders that demand a higher CPU computational cost
to be obtained.

Here, we also used a Gauss-Legendre quadrature generator of arbitrary order, which made it
easier to obtain the data for the simulations presented in the numerical results. Therefore, after ana-
lyzing the numerical results, we conclude the validity of the methodology presented here.

We propose for future work the extension of this methodology to problems multigroup with ar-

bitrary degree of anisotropy and rectangular Cartesian X. Y-geometry.
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